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Disclaimer

Please note the following.

1.

2.

The solutions given here are not the only ones possible.
Use the solutions as guidelines.

If you find any mistakes or typos, you may reach out and it shall be
cleared.

If something does not make sense in solutions, you may reach out and we
shall clarify them in tutorials and/or classes.

. Axioms are numbered as in class: Axiom k is Tao’s Axiom 3.k for set

theory and Axiom 2.k for the Peano axioms.

For a function f : X — Y we continue to call X the domain and Y the
range, as in class.



A useful Lemma

Lemma P (componentwise membership). Let p be an ordered pair, say
p = (z,y). Then for all sets X and Y,

peEX XY <= (reXandyeY).

Moreover the components x and y are determined by p.

Proof. By definition, p € X x Y holds if and only if p = (2/,y') for some
e Xandy €Y. If x € X and y € Y we may take 2/ := x and ¢/ := y.
Conversely, if p = (2/,y') with 2/ € X, ¢/ € Y, then (x,y) = (2/,¢), so x = 2’
and y = ¢/; hence z € X and y € Y. The same equation, (z,y) = (2/,y) <
(x =2’ and y = ¢/), gives that the components are determined by p.

Question (1) [Exercise 3.5.4 of Tao].
Let A, B, C be sets. Show that
(a) Ax (BUC)=(Ax B)U(AxC).
(b) Ax (BNC)=(AxB)N(AxO).
() Ax (B\C)=(AxB)\ (AxC).

Solution. All three identities, and the two questions that follow, rest on a single
observation, which we isolate once and then use without further comment.

Note that every element of every set appearing in this question is an ordered pair: each
of the six sets is built from Cartesian products by union, intersection and difference,
and each of these operations only removes elements. So in each of the three arguments
below we may take an arbitrary element p of either side and write p = (z,y) at the
outset. Omnce that is done, Lemma P converts each membership statement into a
statement about x and y, and the identity becomes a tautology of propositional logic.



Union. Let p = (z,y). Then

peEAXx(BUC) <= rz€Aandye BUC
< z€Aand (ye Borye ()
< (r€Aandye B)or (z€ Aand y € C)
< peAxBopeAx(C <= pe(AxB)U(AxC(C),

the third step being the distributivity of “and” over “or”.

Intersection. Identical, with “or” replaced by “and” throughout; the third step is
now the statement that “and” is associative and commutative, together with the fact
that © € A may be repeated.

Difference. Let p = (x,y). Then

peAx(B\C) <= rz€Aand (ye Bandy ¢ C)
< (r€Aandye€ B) and «(z € Aand y € C)
< peEAxBandpg Ax(C <= pe(AxB)\(AxCO).

The second step deserves a word, since it is the only one that is not pure distributivity.
In the forward direction we have x € A and y ¢ C, and the latter alone refutes “z € A
and y € C”. In the backward direction we have x € A and y € B, and we must deduce
y ¢ C: if instead y € C, then “z € A and y € C” would hold, contrary to assumption.

Observe that the asymmetry of the difference identity is only apparent. What makes
it work is that the left factor A is common to both products, so the hypothesis x € A
is available on both sides of the negation.

Question (2).

Let A be a set, let I be a set, and for each o € I let B, be a set. Prove that

A X UBQ:U(AXBQ),

acl ael

and that, provided I # 0,

A X ﬂBa:ﬂ(AxBa).

acl a€el

Show that the first identity holds also when I = (), and explain why the second
cannot even be stated in that case.



Solution. First a remark on legitimacy. For each o € I the object A x B, is a set,
and it is determined by «a; so (A X By )aer is a family of sets indexed by I, obtained
by applying replacement (Axiom 6) to I along o — A x B,. Hence the unions and
intersections written above are legitimate objects, subject to the caveat about [
below.

The union. Every element of either side is an ordered pair: an element of the left
side lies in a Cartesian product, and an element of the right side lies in A x B, for
some «. So let p = (x,y). Using Lemma P

peAxUBa <~ r €A and yEUBa
a€cl acl
< rz€ A and (yeBaforsomeaef)

— (xEAandyEBa) for some a € [

< peAx B, forsomeac] < pec U(AxBa).
ael

The third step is the only one worth commenting on. Forwards: if x € A and y € B,
for some particular «, that same « serves. Backwards: if for some o we have both
r € A and y € B,, then in particular € A, and that a witnesses y € |J Bs. The
condition x € A does not mention «, which is what permits it to be moved across the
quantifier.

The union when I = (). No object lies in | J,,cy Ba, so this union is (), and the left side
is A x () = (). By the same reasoning the right side, being a union over the empty
index set, is (). So both sides are () and the identity holds.

The intersection. Assume I # () and fix some 8 € I.

We first check that every element of either side is an ordered pair. For the left
side this is Lemma P. For the right side, we have (,.;(A x B,) € A x Bg, so every
element of it is an ordered pair. This is the first use of I # (). Now let p = (z,y). By
Lemma P,

pEAX mBa > z€A and (y€ B, forallael),

acl

pE ﬂ(AxBa) < (r€eAandyeB,) forallacl
acl
It remains to see that the two right-hand conditions are equivalent.
(=) Suppose z € A and y € B, for every a. Then for each a, both conjuncts
hold. No hypothesis on I is needed.



(<) Suppose that for every a € I we have z € A and y € B,. Instantiating at
[ gives x € A; and the second conjunct, read for each «, gives y € B, for all a.
This instantiation is the second use of I # (): without some [ to instantiate at, the
hypothesis would be vacuously true while the conclusion x € A would still have to be
proved.

Why the statement fails to make sense when I = (). The failure is not that the identity
is false; it is that neither side denotes anything. Recall: the intersection of a family
is defined by first choosing some 3 € I and setting

(Aa:={z€Ag:xecA,forallacl},

a€el

which is a set by specification (Axiom 5). With I = () there is no 3 to choose. This
is the third use of I # ().

On the attempted induction. Suppose one proves, by induction on n, that A x (B; U
-+-UB,) =(Ax By)U---U(Ax B,). This is a statement about a natural number n,
and induction establishes it for every natural number. But J,.; B, for infinite I is
not B;U---UB, for any n: it is not built by iterating pairwise union at all, and there
is no natural number for the induction to reach. The general identity must therefore
be proved directly as above.

Question (3).
Let A, B, C be sets.

(a) Suppose A # (). Prove that A x B = A x C implies B = C, and show that
the hypothesis A # () cannot be dropped.

(b) Prove that Ax B= B x A if and only if A= B or A= or B = 0.

Solution. (a) Suppose A# () and Ax B=AxC. Fixae€ Aas A#(.

Let y € B. Then (a,y) € A x B by Lemma P, hence (a,y) € A x C, hence y € C
by Lemma P again. So B C C. Exchanging the roles of B and C gives C' C B, so
B=C.

The hypothesis cannot be dropped: take A := 0, B := {0} and C := {1}. Then
AxB=0=AxC,but B+#C,since 0 € Band0¢ C.

(b) (<) If A= B the two products are the same set. If A = () then both A x B and
B x A are empty, hence equal; similarly if B = ().



(=) Suppose A x B = B x A and that A and B are both non-empty. Fix ag € A
and by € B. Let x € A. Then (z,by) € A x B = B x A, so by Lemma P we get
x € B. Hence A C B. Let y € B. Then (ag,y) € A x B = B X A, so by Lemma P
we get y € A. Hence B C A, and therefore A = B.

Question (4).

For sets B and C write BAC := (B\C)U(C'\ B) for the symmetric difference.

(a) Prove that Ax (BAC)=(Ax B)A(AxC) for all sets A, B,C.

(b) Show that (A x B) A (C x D) =(AAC) x (BA D) is false in general.

Solution. (a) From Question (1), the operation X +— A x X distributes over both
U and \. Hence

Ax(BAC)=Ax ((B\C)U(C\B))
= (Ax(B\C))U(Ax(C\B)) (distribution over U)
= (AxB)\(Ax ) U((AxC)\ (Ax B)) (distribution over \, twice)
=(Ax B)A (A x C).

(b) Take A := {0}, B := {0}, C := {1}, D := {1} . Then A x B = {(0,0)} and
C' x D ={(1,1)}. These are disjoint, so

(Ax B) A (C x D) ={(0,0),(1,1)},
a set of cardinality 2. On the other side, AA C = {0,1} and BA D = {0,1}, so
(AAC) x (BAD)={0,1} x {0,1},
which contains (0,1). Since (0,1) # (0,0) and (0,1) # (1,1) by Eq. (3.5), the two
sets are different.
An even more degenerate failure is available: take A = C' = {0}, B = {0},

D = {1}. Then the left-hand side is {(0,0),(0,1)}, while A A C = () forces the
right-hand side to be 0.



Question (5).
Let A be a finite set with |A’ = a, and let
T:={SeP(A): ’S‘ =2}

be the collection of subsets of A having exactly two elements, a set by specifi-
cation. Prove that T is finite and that, writing ¢t := ‘T

2%t +a = a>.

Deduce that t = 0 if and only if a < 1.

Solution. We prove the following statement by induction on n:

Q(n): for every set A with |A| = n, the collection 7" of two-element
subsets of A is finite and 2|T'| + n = n?.

Base case. Let ’A‘ =0, s0 A = (. The only subset of §) is () itself, which has
cardinality 0, not 2. So T' = (), which is finite with |T| =0,and 2-0+0 = 0= 0%

Inductive step. Assume Q)(n) and let A’ be a set with ‘A/| = n++. A’ is non-empty;
fix x € A" and put A := A’\ {«}, which has cardinality n. Let 7" be the collection of
two-element subsets of A’, and split it as

U={SeT :x¢S5}, Vi={SeT :xeS}

both sets by specification. Clearly UNV =@ and UUV =T".

The piece U. We claim U is exactly the collection T" of two-element subsets of A. If
Se€Uthen SCAandz ¢S, s05CA\{z} =4, and |S| = 2; hence S € T.
Conversely if S € T then S C AC A" and = ¢ S, since x ¢ A; hence S € U. By the
induction hypothesis U = T is finite and

2|U[+n=n”

The piece V. We claim the assignment y — {z,y} is a bijection from A onto V.

It lands in V. Let y € A. Then y # z, since v ¢ A. Now {z,y} = {z} U{y}
is a union of two disjoint sets each of cardinality 1, so it is finite with cardinality
14+1=2. Also {z,y} C A, sincex € A andyec AC A" So {z,y} € V.



Injective. Suppose {z,y} = {z,vy'} with y,yy € A. Then y € {z,y'}, soy =z or
y=1v'. Since y # x, we get y = y'.

Surjective. Let S € V, so |S| =2 and x € S. S\ {2} has cardinality 1; in
particular it is non-empty, so we may fix y € S\ {z}, and then (S \ {z}) \ {y} has
cardinality 0 and is therefore empty. Hence S\ {z} = {y}.

Nowy#zandye SC A, soye A"\ {z} = A. Finally S = {z,y}: both z and
y lie in S; and if z € S with z # z then z € S\ {z} = {y}, so z = y.

Hence |V| = !A‘ =n.

Putting the pieces together. Since T" = U UV with U and V disjoint and both finite,
then 7" is finite with

1T'| = |U| + n.
Therefore
2|1T'| +nt++ =2[U|+2n+n+1=(2U|+n)+2n+1=n"+2n+1=(n+1)%
which is Q(n++). This closes the induction.

Question (6).

For y € Q write |y| of y, and put {y} :=y — |y], the fractional part of y. Let
x € Qand let N € N with N > 1.

(a) Prove that 0 < {y} < 1 for every y € Q, and that for every rational ¢ with
0 <t < 1 there is exactly one j € {0,1,..., N — 1} with

i+l

<t<
. N

=

(b) Prove that there are integers p and g with 1 < ¢ < N and

ez — ] < ~.
N

(Apply the pigeonhole principle to the N + 1 numbers {0 - z}, {1 -

z},...,{Nz} and the N intervals of part (a).)

Solution. (a) Note that, |y| < y < |y] + 1. Subtracting |y| throughout, which
preserves order, gives 0 <y — |y] < 1, that is 0 < {y} < 1. Now let 0 <¢ < 1 and
put j := | Nt], so that 7 < Nt < j+1. Multiplying 0 < ¢ < 1 by the positive rational
N gives 0 < Nt < N.



j>0.If < —1then 7+ 1 <0< Nt, contradicting Nt < j + 1.

j < N —1. From 5 < Nt and Nt < N we get j < N, and for integers this gives
j<N-1.

So j €{0,...,N — 1}, and dividing j < Nt < j + 1 by the positive rational N
gives j/N <t < (j+1)/N.

Uniqueness: if j and j” both work then j/N <t < (j +1)/N and j//N <t <
(s + 1)/N. Multiplying by N gives j < Nt < j+ 1 and j” < Nt < j” 4+ 1, and
J=3"=[Nt].

(b) For j=0,1,...,N —1 put

Aﬁ:{qe{QL”qu:j%S{w}<%?}

a set by specification. Each A; is a subset of the finite set {0,..., N} and so is finite.

Every q lies in exactly one A;. By part (a), 0 < {gz} < 1, and again by part (a)
there is exactly one j € {0,..., N — 1} with j/N < {qz} < (j +1)/N.

Hence Uj A; ={0,1,..., N}, which has N 4 1 elements, and there are N sets
Ag,...,Ay_1. Since N +1 > N, the pigeonhole principle of Practice Problems 2,
Question (7), gives some j with #(A;) > 2.

Choose two distinct elements of that A;, say ¢1 < ¢2. Both {¢12} and {gz} lie in
the interval from j/N to (j + 1)/N, so

' J
HQQ:B} - {QLTH SN N

Now put
q =42 — q1, p = LCI2$J - LCIlH?J?
both integers. Then 1 < ¢ < N, since 0 < ¢; < ¢o < N. And
{pr}—{nz} = (pz—|pz]) — (a2 |az]) = (@—a)z— (L] — |az]) =gz —p

so |gx — p| < 1/N, as required.

Question (7) [Exercise 5.3.3 of Tao].

Let a,b be rational numbers. Show that a = b if and only if LIM,, ,,a =
LIM,,_,ob (that is, the constant Cauchy sequences a, a,a,... and b, b, b, ... are
equivalent if and only if @ = b). This allows us to embed the rational numbers
inside the real numbers in a well-defined manner.

Solution. Write (a,,)32, for the constant sequence a,, := a, and similarly b, := b.

9



Step 0: both formal limits are defined. A constant sequence is Cauchy: for any rational
e > 0 and any j,k > 1 we have |a; — a;y| = |a —a| = |0] = 0 < e. Since this holds
for every € > 0, (a,)%2, is a Cauchy sequence. So LIM,,_,,a and LIM,,,..b are real
numbers.

Step 1: unwinding the definitions. The equation LIM,, ,,a = LIM,, b means that
(an) and (b,) are equivalent, which means: for every rational € > 0 there is N > 1
with

la, — by < e for all n > N.

Here a,, — b, = a — b for every n, so the displayed condition neither depends on n nor
on N: it holds for some N and all n > N precisely when it holds outright. Hence

LIM, s0oa = LIM,, ,oob <= |a —b| <& for every rational e >0 <= a=0.

Question (8) [Exercise 5.3.5 of Tao].

Show that LIM,, .. 1/n = 0.

Solution. What is to be proved. Let a, := 1/n for n > 1. This is a Cauchy sequence
of rationals as proved in class, so LIM,, ,,.a, is a real number by definition of real
numbers. The real number 0 is the formal limit LIM,,_..b, of the constant sequence
b, := 0, which is Cauchy since |b; — by| = 0 < ¢ for every € > 0 and all j, k.

Note that the assertion LIM,, ,.a,, = LIM,,_,5.b, means that (a,); and (b,)5,
are equivalent. That is for every rational € > 0 there exists N > 1 such that

la, —b,| <e foralln> N.

Since b, = 0 and 1/n is positive, |a, — b,| = |1/n| = 1/n. So we must produce, for
each rational ¢ > 0, a natural number N > 1 with 1/n < ¢ for all n > N.

The proof. Let € > 0 be rational. Then 1/¢ is a rational number, so there is a natural
number N with 1/e < N < N + 1. Clearly N +1 > 1.
Let n > N + 1. Then
1 1

n_bn =—- <
o | n — N+1

< g,

so in particular |a, — b,| < e. As ¢ > 0 was an arbitrary rational, the two sequences

are equivalent, and therefore

1
LIM,,0o— = 0.
n

10



Question (9).

For sequences (a,) and (b,) of rationals, write (a,) ~ (b,) if for every ¢ > 0
there is N > 1 such that |a, — b,,| < e for all n,m > N — note that the two
indices vary independently. Prove the following.

(a) (a,) =~ (a,) if and only if (a,) is Cauchy.

(b) If (a,) =~ (b,) then both sequences are Cauchy, and (a,) is equivalent to

(bn)-

(c¢) Conversely, if (b,) is Cauchy and (a,) is equivalent to (b,), then (a,) ~

(bn)-

(d) Exhibit equivalent sequences (a,) and v(b,) such that (a,) == (b,).

Solution. (a) Setting b := a in the definition of ~, the statement (a,) ~ (a,) reads:
for every € > 0 there is N > 1 with |a, — a,,| < € for all n,m > N. This is the
definition of Cauchy sequence.
(b) Suppose (a,) ~ (by,).

Both are Cauchy. Let € > 0 and choose N for €/2, so |a, — by| < €/2 for all
n,m > N. For j,k > N, using the index m := N twice,

laj —ag| < la; —bn| + by —ax] < 545 =«

So (ay) is Cauchy. Symmetrically, for j,k > N, |b; — by| < |b; —an| + |any — bi| < ¢,
so (b,) is Cauchy.

They are equivalent. Given € > 0, take N as in the definition of ~ and set m := n:
for n > N we get |a, — b,| < e.

(c) Let € > 0. Choose N; with |a,, —b,| < /2 for n > Ny, which exists by equivalence;
and N, with |b; — by| < /2 for j,k > N,, which exists because (b,) is Cauchy. Put
N :=max(Ny, Ny). For n,m > N,

[ — bn] < lan — bl +bn = b < 5+ 5 =2

So (ay) ~ (b,). Note that only (b,) was required to be Cauchy.
Combining with (b): if both sequences are Cauchy then ~ and equivalence of
sequences hold or fail together.

(d) Take ay,, := b, := (—1)". The two sequences are equivalent, since |a, —b,| =0 < ¢
for every n and every € > 0.

11



They do not satisfy ~. Take € := 1 and let N > 1 be arbitrary. Choose n > N
even and m > N odd — for instance n := 2N and m := 2N + 1. Then

jan = bm| =[1 = (=1)|=2>1=e¢

So no N works, and (a,) % (b,).
By part (a) this is exactly the statement that ((—1)") is not Cauchy, which is the
reason the example works.

Question (10).

Call a sequence (a,) slowly varying if for every € > 0 there is N > 1 with
lani1 —an| <e€ for all n > N.

(a) Prove that every Cauchy sequence is slowly varying.

(b) Let a, :==14 5+ 3 +---+ +. Prove that (a,) is slowly varying but not
Cauchy. Hint: show as, — a, > % for every n > 1.

Solution. (a) Let (a,) be Cauchy and let ¢ > 0. Take N with |a; — ax| < € for all
J,k > N. For n > N we also have n +1 > N, so |a,11 — a,| < e.

(b) Slowly varying. Fix an € > 0. Here a,.1 —a, = 1/(n+ 1), S0 |ans1 — a,| =
1/(n+1) <1/n. Then there is an N > 0 with 1/n < e for n > N.
The key inequality. Fix n > 1. Then

2n 1
Qop — Ap = Z %

k=n+1

This sum has n terms, and each satisfies 1/k > 1/(2n), because n+ 1 < k < 2n gives
0 < k < 2n and hence 1/k > 1/(2n). Summing this inequality over the n values of k
gives
1 1
Qop, — Ay, 2> N+ — = —.
2n 2

Not Cauchy. Suppose it were. Taking ¢ := 1/4 there would be N > 1 with
laj —a| < 1/4 for all j,k > N. Take j := 2N and k := N, both at least N. Then by

the display above

1 1
laony —an| = aoay —an > = > —,

(]
I
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a contradiction. So (ay,) is not Cauchy.

Question (11).
Call a sequence (a,) integrally Cauchy if for every natural number m > 1 there
is N > 1 with
1
la; — ax| < — for all j,k > N.
m
Here ¢ has been restricted to run over the reciprocals of positive integers rather

than over all positive rationals. Prove that a sequence is integrally Cauchy if
and only if it is Cauchy.

Solution. Cauchy = integrally Cauchy. Each 1/m with m > 1 is a positive rational,
so the required N is supplied directly by the property that (a;) is Cauchy.

Integrally Cauchy = Cauchy. Let € > 0 be a rational. For rational 1/e there is an
integer M with M <1/ < M 4 1. Since 1/e >0 we get M +1> 1,80 m:= M +1
is a natural number with m > 1 and

1
m > —.
€
Multiplying by the positive rational /m gives € > 1/m.
Now apply the integrally Cauchy property at this m, obtaining N > 1 with
la; —ai| < 1/m for all j,k > N. Then for such j, k,

1
|aj—ak\§g<8,

so in particular |a; —ax| < e. As € was an arbitrary positive rational, (a,) is Cauchy.
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