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Practice Problems 2 and Solutions

Question (1) Answer the following questions.

(a) Single-element set. If X consists of a single element, X = {z¢}, and f: X —
R is a function, show that

S (@) = f(xo).

zeX
(b) Substitution. Let X be a finite set, f : X — R a function, and g : Y — X a
bijection. Show that
> @) =" flaly)

zeX yey

(c) Disjoint union of finite sets. Let X,Y be disjoint finite sets (X NY = (),
and let f: X UY — R be a function. Show that

o) =D @)+ fw).

zeXUY rzeX yey

Solution 1

Recall that Tao defines a sum over a finite set X as follows: if X = {z;,..., 2y} and
f X — R, then we choose a bijection

h:{1,2,...,N} - X
and define

> fl@):=) f(hn).

zeX
This definition is independent of the choice of bijection.
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(a) Single-element set. Here X = {z¢}, so N = 1. Define h(1) = xy. Then by

definition,
1

Y fl@) =) f(hin)) = f(h(1) = f(xo)-

zeX n=1

(b) Substitution. Let X be finite with | X| = N, and let g : Y — X be a bijection.
Take a bijection h : {1,2,..., N} = Y. Then goh: {1,2,..., N} - X is a
bijection, and by Tao’s definition,

D flaw) = flglh(n) =) fla),

since g o h enumerates all elements of X exactly once.

(c¢) Disjoint union of finite sets. Let |X| = N, |Y| = M. Choose bijections
hy:{1,2,... N} = X, hy:{1,2,....M} =Y.

Then a bijection h: {1,2,...,N + M} — X UY can be defined by

h(n) hx(n), 1<n<N,
n) —
hy(n—N), N+1<n<N-+ M.

By Tao’s definition,

Yo SR =)0 fh) =) @)+ ).

Question 2 : Series with a Hidden Telescoping Structure. Evaluate
>t
= n(n+2)

Solution 2.

Decompose using partial fractions:

1 1/ 1
nn+2) 2\n n+2/)°




Then
N

Z 11+1— L —>§ as N — oo
e n+2 2 N+1 N+2 4 '

Question 3: Comparison Test Application. Determine the convergence of

> 1
nz:lbn’ bn = n2+4+1"

Solution 3.

Since b, < n—12 and > 7, # converges, by the comparison test, > b, converges.
Question 4: Conditional Convergence. Determine whether

S
n
n=1
converges absolutely, conditionally, or diverges.
Solution:

e Absolute: »  [(—=1)"/n| = > 1/n diverges (harmonic series).

e Conditional: By the alternating series test, 1/n decreases to 0, so series con-
verges conditionally.

Question 5: Rearrangement of Terms. Rearrange the series Y (—1)""/n to
sum to 2.

Solution: By the Riemann rearrangement theorem, any conditionally convergent
series can be rearranged to sum to any real number, including 2.
Question 6: Series and Integral Comparison. Compare convergence of

o

1
;n2+1

/oo dv  «
L o214

Since 1/(x? + 1) is positive and decreasing, by the integral test, the series converges.
Question 7: Series with Non-Monotonic Terms. Determine convergence of

— (="
>

n=1

with the integral floo
Solution:
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Solution:



e Absolute: > 1/4/n diverges.

e Conditional: By alternating series test, > (—1)"//n converges conditionally.

Question 8: Series with Logarithmic Terms. Evaluate

oo
Inn
—
n=1 n

Solution: Use integral test:

] | o *d
[ [
1 z x 1 1 Xz

Hence series converges.
Question 9: Series with Exponential Terms. Determine convergence of

n=1 n
Solution: Compare with > 1/n?. Since e™"/n < 1/n? for n > 2, series converges
by comparison test.
Question 10: Series with Factorial Terms. Evaluate

=1
2o

Solution: Recognize as Taylor series for e* at x = 1:

=1 =1
Z m =€ — Z m =e— 1.
n=0 n=1
Question 11: Series with Polynomial Terms. Determine convergence of
>
5 .
— n*+ 1

Solution: For large n, ' ~ % Harmonic series diverges, so series diverges.
Question 12: Series with Nested Sums. Evaluate

0o 0 1
Zzn2+m2'

n=1 m=1



Solution: Interchange sums and use known double series results:

o

1 m
2 i a2

n,m=1
Question 13: Series with Power Terms Determine convergence of
o0
np
—, > 0.
Z nZ + 1 p
n=1

Solution: For large n, term ~ nP~2. Series converges if p —2 < -1 = p < 1.
Question 14: Series with Mixed Terms. Evaluate

o) 1)
y o

n=1

Solution: Decompose:

(=" _ (=" =o"

n2+n  n n+1"

This telescopes, sum equals In 2.
Question 15: Series with Logarithmic and Exponential Terms. Determine
convergence of

“Inn

nn
n=1
Solution: Since n” grows faster than Inn, the general term tends to 0 extremely

rapidly. By comparison with geometric series 1/2", series converges.



